Preprint typeset in JHEP style - HYPER VERSION 



PTA/07-46 



Boundary action of the / / . model 



Vladimir Fateev 1 2 and Sylvain Ribault 1 

1 Laboratoire de Physique Theorique et Astroparticules, UMR5207 CNRS-UM2, 
Universite Montpellier II, Place E. Bataillon, 

34095 Montpellier Cedex 05, France 

2 Landau Institute for Theoretical Physics 
142432 Chernogolovka, Russia 

fateev, ribaultSlpta . univ-montp2 . f r 



ABSTRACT: We find the boundary action for Euclidean AdS% D-branes in . This action is 



consistent with the D-branes' symmetries and with the i^-Liouville relation for disc correlators. It 



can be used for performing free-field calculations in the model with boundaries. We explicitly 
perform the Coulomb-like integrals which appear in the free-field calculation of the bulk one-point 
function, and find agreement with previously known conformal bootstrap results. 
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1. Introduction and summary 

The model on a sphere was solved ten years ago thanks to the methods of the conformal boot- 
strap [j|], which rely on symmetry and consistency assumptions and do not exploit the Lagrangian 
definition of the model. It was later realized that concordant information on the structure con- 
stants of the model could independently be derived thanks to the so-called free-field approach 
P,|3|,|]], which consists of perturbative calculations based on the Lagrangian definition. Then, after 
the AdS2 D-branes in AdSs Euclidean AdS% D-branes were discovered in [|], [7|], which 
is the Euclidan version of AdS^. The worldsheet description of strings ending on such D-branes 
is the H$ model on a disc with maximally symmetric boundary conditions. The solution of this 
model by conformal bootstrap methods was recently completed [||, ||] . 

These developments have left the problem of the Lagrangian definition of the model on 
the disc open. In other words, what is the boundary action for the Euclidean AdS2 D-branes? 
This action may be useful for obtaining a more synthetic perspective on the model, relating it to 
other models, and solving it on higher genus Riemann surfaces with boundaries. Path-integral 
calculations were indeed very helpful in the recent study of the model on higher genus closed 



Riemann surfaces [|10p. 

The problem of finding the boundary action was addressed by Ponsot and Silva [p|], who 
showed that the variations of the bulk action already vanished by themselves in the presence 
of AdS2 D-branes. They concluded that the boundary action vanished. However, AdS2 D-branes 
come in a family with a continuous parameter c, and the results of path-integral calculations should 
depend on c. One could try to impose the c-dependent gluing conditions as constraints on the 
path integral, but it is not clear how to compute the resulting constrained integral. Here, we will 



instead propose a boundary action (2.8) which vanishes on-shell but nevertheless contributes to 
path-integral calculations. We will show that the expected boundary conditions can be derived 
from this action. 

We will argue that the path-integral expressions of disc correlators which follow from our 
boundary action agree with the known disc correlators. The argument relies on the simple relation 



- 1 - 



of the known disc correlators in the model with disc correlators in Liouville theory QSp . It was 
recently shown that the relation between HJ and Liouville correlators on a sphere could easily be 



derived by a formal path-integral calculation [JlOp . We will sketch a similar calculation in the case 
of correlators on a disc. 

We will also argue that the boundary action can be used for performing free-field calculations. 
We will indeed first check that the boundary action preserves the expected current-algebra sym- 
metries. We will then compute the bulk one-point function and find agreement with the conformal 
bootstrap result of [|| This free-field computation will involve the explicit determination of a 



family of bulk-boundary Coulomb-like integrals ( |5.6| ). We will actually only use particular cases of 



such integrals; the most general integrals would appear in free-field calculations of bulk-boundary 
two-point functions in Liouville theory and in the H% model. 

We are informed that a similar setup for the boundary dynamics of the H% model was found 
by T. Creutzig and V. Schomerus in connection with their work on the GL ( 1 1 1 ) supergroup WZNW 



model [|12p. 

The basic concepts of boundary conformal field theory and non-rational conformal field theory 
which we will use are explained in the review articles [jl"3|, [L 



2. Classical analysis of the H% model with a boundary 

Let us first define the bulk H% model on the complex plane, which is conformally equivalent to the 
Riemann sphere. We will parametrize the plane with a complex variable z = r + ia and denote 
J J = f d 2 z; the single integration symbol f will be reserved for integrals over the boundary z = z 
of the upper half -plane. The model is defined by the following action, where we adopt the notations 



of [10] (while adding a "bulk cosmological constant" numerical factor A to the interaction term) 



gbulk = J_ J J + + pQ- _ Xb 2pp e 2b^ (2.1) 

All fields are bosonic. The field 7 has conformal dimension zero, the holomorphic field f3 has 
conformal dimension one, and <p has conformal dimension zero but a background charge b, so that 
the interaction term f J fifie 2 ^ is conformally invariant with respect to the holomorphic stress- 
energy tensor 

T = -/3&y - d<j) 2 + bd 2 c/) . (2.2) 

Here b > is a continuous parameter of the H% model, which is related to the level k and the 
central charge c by 

The model actually has not only a conformal symmetry, but also an affine symmetry generated 
by currents which we denote as 

J- =13, j~ = P, 

J3 = 7 + b-lQf ; J3 = 0j + b-lQj s (2.4) 

j+ = /? 7 2 + 2b- l jd(j) - kdj , J+ = pj 2 + 2b- 1 jd(f> - kdj . 
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Euclidean AdS-z D-branes are maximally symmetric in that they preserve half of these six currents. 
Strings ending on such D-branes are described by the model on the complex upper half-plane, 



with the following gluing conditions at z 



J~ + J~ = , 
J 3 - J 3 = , 
J+ + J+ = . 



(2.5) 



There is actually a one-parameter family of D-branes which satisfy such gluing conditions; namely, 
for any real number c, we can assume that at z = z 



p + p = 

7 + 7 = ce' 



Imp 



(2.6) 



(8 - d)(j) = cbf3e b 



To these gluing conditions, one may add the bulk equations of motion for the 0, j3 fields, which 
have no reason to fail at the boundary z = z: 



57 = \b 2 (3e 2b * , d 1 = Xb 2 j3e 2b ^ . 



(2.7) 



Modulo these equations, our gluing conditions are equivalent to the known gluing conditions on 



i,7,7)[np. 



Let us clarify a subtlety about the derivation of the gluing conditions ( |2.5[ ) for the currents 
(2.4) from the gluing conditions (2.6) for the fields (4>,(3, 7). This derivation should take into 
account the nature of {(f), (3, 7) as quantum fields, so that the currents (2.4) involve regularized 



products of these fields. The regularization involves the explicit subtraction of the singularities in 



the operator products; these singularities can be deduced from eq. ( ]4.3[ >- Alternatively, we could 
do the same calculation in a classical framework which would treat the fields as ordinary functions 
on the worldsheet; but in this framework the expressions for the currents J + , J + differ from our 
formula (2^). The classical version of J + is indeed = (3j 2 + 2b~ lr yd(f) — (k — 2)dj, where 
the difference — J + = 2O7 arises from regularizing the operator product f3~f 2 . 1 

Now consider the bulk action S bulk (2.1) on the upper half -plane. Cancelling the variations 
of this action implies the bulk equations of motion, plus some constraints on the behaviour of the 
fields at the boundary z = z . It was found in [11] that these constraints are satisfied by the gluing 



conditions (2.6) for all values of c. (The calculations in [11] were actually performed using the 
equivalent action obtained by integrating out the fields (3, (3 in the path integral.) However, the bulk 
action by itself cannot be enough for defining the quantum dynamics of the model, because it does 
not know the value of c. It is however still possible to add a boundary term to the action provided 
it vanishes when the gluing conditions (^1]) are obeyed, and we propose 



gbdy _ 1 

4tt 



7 + 7 



ce 



(3 + 







(2.8) 



where the single integral J = J dr means the integral over the boundary z = z of the upper half- 
plane. We therefore propose that in path-integral calculations the first gluing condition is imposed 



'We are very grateful to the JHEP referee for helping us clarify this point. 



-3- 



as a constraint, while the last two should follow from the variational principle applied to the action 

g Cjbulk _|_ gbdy 

Let us now study the variations of the action. Using an integration by parts and d = ^ (d T — 
id a ), the action is rewritten as 

S = S bulk + S bdy = 7^ff (p(j)d(j) - -yd/3 - 7 d/3 - A6 2 /3/3e 2 ^) - J (3e b4 > . (2.9) 

Taking into account the constraint 5((3 + (3) =_ 0, the boundary terms in the variations of the 

2— >2 

action are therefore 

(2.10) 



(5S) bdy = ^ J [-<fy {{d - d)(j) + cbf3e b ^ + 5(3 (7 + 7 - ce b<i> 

Requiring the vanishing of the coefficients of the independent variations 5(f) and 5(3 therefore yields 
the last two gluing conditions in eq. ( |2.6| ). This shows that our proposal for the boundary action is 
classically sound. Not only it does not spoil the compatibility of the desired gluing conditions with 
the variational principle, but also it singles out a value for the parameter c. 

3. Path-integral derivation of the relation with Liouville theory 

Let us now consider the path-integral representation of a general H% correlator on the upper half- 
plane (which is conformally equivalent to the disc), with a number of bulk and boundary operator 
insertions. We will show how this correlator is related to a Liouville theory correlator by integrating 
out the fields 7, 7 and then (3, (3. The calculation follows closely that of Hikida and Schomerus in 
the case of the sphere [[lC|], so we will only sketch the few most relevant points. 

The relevant bulk and boundary operators, with spins j and £, isospins fi and v and worldsheet 
positions z and r respectively, are 

&(li\z) = |^| 2 i+ 2 e ^W-A7(5) e 2fe(i+i)^(^5) t (3.!) 

q,\ u \ T ) = | l/ |<+l e l"(7(r)-7(r)) e 6(<+l)0(r) (3 _ 2) 

The correlator to be computed is 

/n m 
VcpvpVpVjVje' 3 Y[&*(ni\zi) Yl* £a (v a \Ta) , (3.3) 
i=i 0=1 



where the constraint [3 + (3 = is implicitly understood, and the action S is given in eq. (2.9), 
where the boundary parameter c can actually jump at the insertion points of boundary operators. 
Note that the sign of the action is such that the Gaussian integral over (3, (3 is convergent provided (3 
and (3 are complex anticonjugates. Integrating out (3, (3 would produce the well-known sigma 
model [O], plus an extra boundary action. 

As an aside, recall that large k limits of correlators can then be determined thanks to so- 
called minisuperspace computations. In such computations, the functional integrals J Vcj) Vj P7 
are replaced with ordinary integrals over the zero-modes f d(j) cPj. Due to factors <97 or Bj, the 
bulk and boundary interaction terms then vanish. This provides an a posteriori justification for the 
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minisuperspace calculations of the bulk one-point function [£0, bulk-boundary two-point function 
[S], and boundary three-point function [0], which did not involve any contributions from the then- 
unknown boundary action. (The results of such minisuperspace calculations nevertheless depend 
on the boundary parameter c because the zero-modes have to be integrated only over the D-brane's 
world-volume.) 

Let us perform the path integral over 7, 7. This yields delta-function constraints on derivatives 
of the fields /?, /?, namely 



X ^ (^^ ) + ^^ (2)(z "^ ) + ^^ (2)(z " Ta) ) X '"' (3 - 4) 
Now, performing the path integral over (3,(3 (subject to (3 + (3 = _ 0) will yield a nonzero result 

_ z— >z 

only provided Y^iifa + fii) + J2 a u a = 0» an ^ wm force (3, (3 to adopt the values 

&(*) = E — + E-^ + E — . < 3 - 5 ) 

^ Z- Zi ^-T 1 Z- Z{ ^ Z-T a 
I I a 

^ ' ? — ^ ' 7. — 7- ' 7. — 7~_ 



Notice that the £^ -^=7 terms of f3(z) do not contribute to Bj3{z), which is defined only in the 
upper half-plane whereas z% belong to the lower half-plane. However, such terms are required by 
the assumed condition (3 + (3 =_ 0. Note also the subtlety in defining 5^ (z — r a ) when r a belongs 

z— >z 

to the boundary; the correct treatment of this subtlety (for instance by slightly moving r a into the 
upper half -plane) leads to the correct numerical factor of the term ^ a in (3 s (z). 

After replacing the fields (3, (3 by their values (3 S , (3 S in the path integral, we should relate (f> to 
the Liouville field so that Q can be interpreted as a Liouville theory correlator (plus some simple 
factors). This is achieved by performing a change of variable on the field <fi so that (3 s j3 s e 2b ^ = 
—e 2h ^, where 4> is the Liouville field. In the case of the sphere, the effect of this change of variable 
on the kinetic term J J d<pd<j> could be interpreted as the introduction of degenerate Liouville oper- 
ators at the zeroes of (3 S , and the situation is the same in our case of the disc. We refer to [[K]] for 
the details. The new feature in our case is the presence of the boundary term — cy- / (3 s e b ^. The 
change of variable 4> —> <f> will only absorb (3 S into the exponential up to an overall sign: 

-c-Z- I (3 s e b * = -c^- [ (sgnft) e bi . (3.7) 



47T J 47T _ 

The value of the Liouville boundary cosmological constant (i.e. of the coefficient of f e b< ^) is 
therefore 

Hb = -c—sgnp s (3.8) 

4-7T 

This relation between the H% and Liouville boundary parameters, and the rest of the -Liouville 
relation on the disc whose derivation we just sketched, fully agree with the known H% -Liouville 
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relation on the disc [g], which was originally derived by conformal bootstrap methods. In particular, 
\ib is pure imaginary for physical (i.e. real) values of c, and its sign is determined by the sign of 
(3 S . This agreement amounts to an additional heuristic argument in favour of our boundary action 



4. Free-field formalism 



The total action S (2.9) can be split into free terms, plus bulk and boundary interaction terms 



corresponding to the Lagrangians 

The free theory is subject to the simple gluing conditions (which coincide with the gluing condi- 
tions (fUh at c = 0) 



P + P = 0, 

7 + 7 = 0, (4.2) 
(d-d)cp = 0. 

The non-vanishing pairings of the basic fields in the presence of such gluing conditions are 

(4>(z)4>(w)} = — log \z — w\ \z — w\ , 
<0(*)7(«j> = lh , 

(P(zhH) = -sb , (4-3) 



(mm)- 1 



These correlators are consistent with the fields 0, 7 being holomorphic, and the fields (3, 7 being 
antiholomorphic, as implied by their respective bulk equations of motion in the free theory. They 
also agree with the gluing conditions, in the sense that 

lim ((p(z) + P(z)) ■■■) = lim ((7(2) + 7(f)) • • •) = . (4.4) 

(For most purposes, the ^7 system with conformal weights (1, 0) is actually equivalent to a suitably 
normalized complex free boson to such that (3 = duj,f3 = Blo,^/ = u}* L ,^f = lo* r , where ul,wr 
are the holomorphic and antiholomorphic terms of ui respectively, and the star denotes complex 
conjugation.) 

Let us check that the bulk and boundary interaction terms preserve the affine symmetries (|2~5|). 



Our treatment of this problem is inspired from [16], where more general results and references on 



perturbed boundary conformal field theories can be found. To first order in the boundary coupling 
constant c, the J + + J + symmetry condition is 



lim(V + (z) + J+(z)) J L bd y(r)--^ 



. (4.5) 



Notice that lim ((J + (z) + J + (z))L hdy (t) ■ ■ ■) vanishes for all r due to the symmetries of the free 

2— *z \ ' 

theory. The symmetry condition we just wrote might nevertheless fail because of the singularities 
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which appear as the operators J + + J + and L bdy come close, and which might prevent the inte- 



gration over r from commuting with the limit lim. Using the contractions (4.3), the singular terms 

z— *z "~ 

coming from J + are 2 

\Z — T) z Z — T Z — T 



The first term is a total r-derivative and will therefore not contribute to the r-integral. The second 
term vanishes due to the Neumann gluing condition on 4>, namely d a (j) = 0. Similar calculations 
show that the singular terms coming from J + also vanish, and therefore the symmetry condition 
( |4~5| ) holds. The J 3 — J 3 and J~ + J~ symmetry conditions can similarly be checked. 

Of course, this is not enough for fully establishing the current symmetries of the theory. One 
would need to check that say lirn ( J + {z) + J + (z )) vanishes when inserted into correlators with ar- 

Z— >Z 

bitrary numbers of insertions of both the bulk and the boundary interaction terms f J L bulk , f L bdy . 
The case with just one bulk interaction term can be treated along the same lines as above, but is a 
bit more tedious. We abstain from displaying such calculations, because our main aim is only to 
check the correctness of the boundary action. 

5. Free-field calculation of the bulk one-point function 

Let us demonstrate the validity of the free-field formalism by computing the bulk one-point func- 
tion. The calculation is quite similar to the free-field calculation of the bulk one-point function in 
Liouville theory with Neumann boundary conditions, which was sketched in Jl7|]. The new fea- 



tures of the H% case are the contribution of the /?7 system, and the resulting dependence of the 
one-point function on the isospin \i of the bulk field. In this section we will explicitly give the 
values of the relevant integrals over the worldsheet positions of the bulk and boundary interaction 
terms in the H% model Lagrangian, which might also be useful for other applications. 

The one-point function of a bulk field &(p\z) ( fO| ) in the presence of an AdS2 D-brane with 
parameter c is expected to be amenable to a free-field calculation only for certain quantized values 
of the spin j, namely 

2j + l = -n€-N. (5.1) 

The one-point function actually has simple poles at such values of the spin j, whose residues are 
expressed as 

m,£=0 i=l k=l J 

2m+£=n 

I m h2 £ ■ \ 

/e^M-A^V&a+i)^ , (5.2) 

\ i=l n k=l n I 



2 Notice that J+ {z)L hdy (r) ' e H{T) - ^rd(j){T)e H{T \ which is in accordance with the vanishing of 

lim ((J + (z) + J + (z))L bdy {T) ■ ■ ■) for any given r. 
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where the correlator on the second line is computed in the free theory described in the previous 
section. 

This correlator factorizes into independent /?7 and <fi correlators. Remembering that the field 
(j) has a background charge b, the <p correlator is non-vanishing provided 2j ; + 1 + 2m + £ = 0; this 



is the origin of the condition (5T). The <fi correlator is then 

" t m 

X\{v 2 + 4)\{\v 2 + 



e 2b(j+l)<f,(iy) JJ e 2b<t>{ Wl ) JT e b<t>(x k ) 



i=l 



fe=l 



2|2 



,fe=l 



i=l 



b 2 (n-l) 



X |22/| 



-(n-1) 2 



\wi - x k \ 2 Yl l»V - "V 

i,fc i<i' 



n 



|Wj - W| J^J l^fe - Xk'\ 
k<k' 



-2b 2 



(5.3) 



In the ^7 correlator, integrating over the zero-modes of the field 7 yields a factor 27r5(/z + //). The 
rest of the computation follows from the contractions (4.3), which in particular imply 



w — z w — z (w — z){w — z) 
The actual correlator is a product of such factors, 

i 



(5.4) 



j=i 



fc=i 



ic 
4ir 



\l m I 



(5.5) 



It is already clear that, after combining the factors ( |5T3| ) and (5.5), the remainder of the calculation 
is identical to the free-field calculation of the one-point function (^ e 2a <t>( i y)^ ^° um e of a Liouville 
field with parameter a = b(j + 1) + in the presence of a Neumann boundary with cosmological 
constant hb = c^sgnQ/i. The integral in eq. (5.2) amounts to taking the special value a = 
1 + b 2 — b 2 n in the following integral: 



Jn,m{a\y) 



m\(n — 2m)! 



n 



d 2 Wi 



^ \y 2 + wf\ 2a 



n—2m 



n 



dx k 



n 

i . k 



m - x k \ 2 - U7j/| 2 

i<i' 



L (y 2 + x 2 Y 



Y[ \m - w v \ Y[ \xk - %k'\ 

i,V k<k' 



-2b 2 



, (5.6) 



where as before the double integrals are over the upper half-plane, and the single integrals over 
the real line. This integral can be evaluated explicitly. With the notations s(x) = sin7rx and 
CI = -,/ n! -\i , the result is 



Jn,m{a\y) 



122/1' 



n(l-2a-(n-l)6 2 ) 



■;?■! 



2tt 



n 2~ 2m 



r(i-6 2 )y ( s (b 2 )) 



■In(a)J n< m(a) 



(5.7) 
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where 

n-1 



t / \ TT r(l - (i + l)6 2 )r(2a - 1 + (n - 1 + 

nW " U T 2 (a + i& 2 ) 



i=0 

and 



(5.8) 



r r^_ST(_Y r m-i s (( n + 1 ~ 2i ) b2 ) TT s (( n ~ r )b 2 )s(a + (n - r)6 2 ) 

W - 2_,[ ) U n _ m _, + l _ , )fe2) JLJL s (( r + l)62) a ( a + rb 2) ■ V»> 

Let us introduce new notations for the boundary parameter c: 



, 8nb 2 . ^ / 8nb 2 

A smh r = —isgnxsfi \ A— cosh a , (5. 10) 

sin 7ro V sin 7ro z 

where cr = r — i— sgn^/x . (5.11) 

We now sum over the numbers of screening charges m, £ while keeping 2m +£ = n fixed like in eq. 
(5.2). This summation reduces to the following formula, which can be proved by the application of 
standard trigonometric identities: 

[ ^ 1 (-) m (2cosha)"~ 2 - J w , m (a) = ][>sh((n - 2i)a) 7^ - ° ]i , (5.12) 

m=0 i=0 [ li[CLli 

where we use the notation [x]i = rir=o s ( x + fb 2 ). 

Actually, our calculation involves a relatively simple case of these formulas, because it only 
uses particular values of the parameter a, namely the values a = 1 + b 2 — b 2 n with n € N. In 
this case, only the term i = survives in eq. (5.12). The bulk-boundary two-point functions in 
Liouville theory and in would involve the general case. And the integral (5.6) might be useful 
for other applications. 

The result of the free-field calculation is therefore: 



2 ~ ~ 

x M- r (! - b 2 n)coshn(r - iSsgnSty) , (5.13) 
n\ ' 

This should be compared to the conformal bootstrap result [^, [7j|, which in the notations of [18] 

reads: 



r(i + 6 2 ), 



2/ 



x T(2j + 1)T(1 + 6 2 (2j + 1)) cosh(2j + 1) (r - if sgn%i) . (5.14) 

We thus find agreement, provided the bulk cosmological constant is chosen as A = -, so that 
the normalizations of the bulk interaction term agree. The remaining discrepancy is just an overall 
numerical factor. The numerical normalization factor in eq. ( 5.14 ) was derived in [§] by a "modular 
bootstrap" calculation of the annulus amplitude, whereas we did not impose such a normalization 
here. 

This agreement provides another test of the proposed boundary action of the H£ model. 
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